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Review: MM/MeiBner/Urbach Phys.Rept. 1001 (2023) 1-6
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HADRON SPECTRUM

A(1620) I(JF) = 3/2(1/2) ¢t
A(1600) I(J¥) = 3/2(3/25) ¢t
N(1520) I(JP) = 1/2(3/27)}
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Beyond Standard Model searches (-EDMY/...)

Belle@SuperKEKB, ... Talk: Yelton, Yasaveev POSTER SESSION TODAY — ! &7
- 0.081 5 Triangle 1
Exotic states of matter . A fake-
i se = '
GlueX@JLAB, COMPASS@CERN, ... Talks: Pappagallo 0.06 4 = resonance -
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Singularity structure, long-range forces, left hand cuts... = e VU
Talks: Hanhart, Guo, Wang, ... I
Mikhasenko:20150xp Review: Guo:2019twa 0.02 ]
Related: Dai:2018hqgb, Dai:2018rra, Liang:2019jtr, Jing:2019cbw, Du:2021zdg,
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THEORY

Low-energy regime of QCD = double trouble

e small relative momenta

* non-perturbative energy regime

* need to evaluate infinitely many diagrams

http://frankwilczek.com/Wilczek_Easy_Pieces/
298 QCD_Made_Simple.pdf

Further approaches: Functional methods, holography, K-matrix, dynamical models, ...

Review: Eichmann/Sanchis-Alepuz/Alkofer/Fischer Prog.Part.Nucl.Phys. 91 (2016) 1-100
Review: MM/MeiBner/Urbach Phys.Rept. 1001 (2023) 1-6
Review: Doéring/Haidenbauer/Sato/MM PPNP in progress
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THEORY

Low-energy regime of QCD = double trouble

 small relative momenta
* non-perturbative energy regime

* need to evaluate infinitely many diagrams

http://frankwilczek.com/Wilczek_Easy_Pieces/
298 QCD_Made_Simple.pdf

Z|J] = J[DU]ef id*x & .4(U,v,a,s,p)

Effective Field Theory (CHPT)

« Effective/Hadronic degrees of freedom
* Infinitely many low-energy constants

* Well-defined power counting

 Benchmark for many low-energy hadronic interactions

Weinberg (1979) Gasser, Leutwyler (1981), ...
Reviews: Bernard, MeiBBner, Ann. Rev. Nucl. Part. Sci. 57, 33 (2007),
Scherer, Adv. Nucl. Phys. 27, 277 (2003), ...

Further approaches: Functional methods, holography, K-matrix, dynamical models, ...

Review: Eichmann/Sanchis-Alepuz/Alkofer/Fischer Prog.Part.Nucl.Phys. 91 (2016) 1-100
Review: MM/MeiBner/Urbach Phys.Rept. 1001 (2023) 1-6
Review: Doring/Haidenbauer/Sato/MM PPNP in progress
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http://frankwilczek.com/Wilczek_Easy_Pieces/
298 QCD_Made_Simple.pdf

Z|J] = J[DU]QJ id*x & .4(U,v,a,s,p)

Effective Field Theory (CHPT)

« Effective/Hadronic degrees of freedom
* Infinitely many low-energy constants

* Well-defined power counting

 Benchmark for many low-energy hadronic interactions

Weinberg (1979) Gasser, Leutwyler (1981), ...
Reviews: Bernard, MeiBBner, Ann. Rev. Nucl. Part. Sci. 57, 33 (2007),
Scherer, Adv. Nucl. Phys. 27, 277 (2003), ...

Low-energy regime of QCD = double trouble

 small relative momenta
* non-perturbative energy regime

* need to evaluate infinitely many diagrams

Z[J] = J[DU]e‘SE det[M[U]]

Lattice Gauge Theory
e QCD degrees of freedom

 discretized (Euclidean) space-time
* finite volume

e unphysical quark mass

Wilson, Phys. Rev. D10 (1974) 2445, ...

Reviews: Gupta hep-1at/9807028 [hep-lat] — Briceno/Dudek/Young
Rev.Mod.Phys. 90 (2018) — Chen/Chen/Liu/Liu/Zhu Rept.Prog.Phys. 86
(2023)

Talks: Dudek, Lyu, Thomas, ...

Further approaches: Functional methods, holography, K-matrix, dynamical models, ...

Review: Eichmann/Sanchis-Alepuz/Alkofer/Fischer Prog.Part.Nucl.Phys. 91 (2016) 1-100
Review: MM/MeiBner/Urbach Phys.Rept. 1001 (2023) 1-6
Review: Doring/Haidenbauer/Sato/MM PPNP in progress
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http://frankwilczek.com/Wilczek_Easy_Pieces/
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Z|J] = J[DU]QJ id*x & .4(U,v,a,s,p)

Effective Field Theory (CHPT) quark mass dependence
« Effective/Hadronic degrees of freedom

* Infinitely many low-energy constants

 Well-defined power counting

 Benchmark for many low-energy hadronic interactions

first principle non-perturbative input
Weinberg (1979) Gasser, Leutwyler (1981), ...

Reviews: Bernard, MeiBBner, Ann. Rev. Nucl. Part. Sci. 57, 33 (2007),

Scherer, Adv. Nucl. Phys. 27, 277 (2003), ...

Low-energy regime of QCD = double trouble

 small relative momenta
* non-perturbative energy regime

* need to evaluate infinitely many diagrams

Z[J] = J[DU]e‘SE det[M[U]]

Lattice Gauge Theory
e QCD degrees of freedom

 discretized (Euclidean) space-time
* finite volume

e unphysical quark mass

Wilson, Phys. Rev. D10 (1974) 2445, ...

Reviews: Gupta hep-1at/9807028 [hep-lat] — Briceno/Dudek/Young
Rev.Mod.Phys. 90 (2018) — Chen/Chen/Liu/Liu/Zhu Rept.Prog.Phys. 86
(2023)

Talks: Dudek, Lyu, Thomas, ...

Further approaches: Functional methods, holography, K-matrix, dynamical models, ...

Review: Eichmann/Sanchis-Alepuz/Alkofer/Fischer Prog.Part.Nucl.Phys. 91 (2016) 1-100
Review: MM/MeiBner/Urbach Phys.Rept. 1001 (2023) 1-6
Review: Doring/Haidenbauer/Sato/MM PPNP in progress
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QUANTIZATION CONDITIONS

* Finite-volume calculations: no direct access to scattering quantities -0—O0—0—0=0-0 O—/s

* Real-valued energy eigenvalues
e Shifted from free energies => physical information

 Relation to observables: Quantization condition

Lattice QCD

continuum QFT

== Re M
== [m M

Nz

Lischer, Gottlieb, Rummukainen, Feng, Li, Doring, Briceno, MeiBBner, Rusetsky, Hansen, MM, Blanton, ... N : ]
Reviews: Briceno/Dudek/Young (2017) Rev.Mod.Phys. 90 (2018); Hansen/Sharpe Ann.Rev.Nucl.Part.Sci. 69 (2019); Review: MM/Doring/Rusetsky Eur.Phys.J.ST 230 (2021);
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QUANTIZATION CONDITIONS

* Finite-volume calculations: no direct access to scattering quantities -0—O0—0—0=0-0 O—/s

* Real-valued energy eigenvalues
Shifted from free energies => physical information

Relation to observables: Quantization condition

Lattice QCD

continuum QFT

* one-way of thinking:

 on-shell states “feel” the box-size ~ (ML)"
—ML

« off-shell configurations decay exponentially ~ e

= separated by S-Matrix unitarity —Re M

== [m M

Nz

Lischer, Gottlieb, Rummukainen, Feng, Li, DOring, Briceno, MeiB3ner, Rusetsky, Hansen, MM, Blanton, . S . ]
Reviews: Briceno/Dudek/Young (2017) Rev.Mod.Phys. 90 (2018); Hansen/Sharpe Ann.Rev.Nucl.Part.Sci. 69 (2019); Review: MM/Doring/Rusetsky Eur.Phys.J.ST 230 (2021);
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QUANTIZATION CONDITIONS

* Finite-volume calculations: no direct access to scattering quantities -0—O0—0—0=0-0 O—/s

* Real-valued energy eigenvalues
e Shifted from free energies => physical information

 Relation to observables: Quantization condition

Lattice QCD

continuum QFT

—1 _ _ .
* one-way of thinking: Mg, =pcoto (J ReJ'“)
 on-shell states “feel” the box-size ~ (ML)" o ey .
M=K -
. off-shell configurations decay exponentially ~ ¢Vt ~ [ (27)° 2E(s — 4E} + ie)
= separated by S-Matrix unitarity —Re M

>< 00K

Vs <3

Nz

Lischer, Gottlieb, Rummukainen, Feng, Li, Doring, Briceno, MeiBBner, Rusetsky, Hansen, MM, Blanton, ... N : ]
Reviews: Briceno/Dudek/Young (2017) Rev.Mod.Phys. 90 (2018); Hansen/Sharpe Ann.Rev.Nucl.Part.Sci. 69 (2019); Review: MM/Doring/Rusetsky Eur.Phys.J.ST 230 (2021);
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QUANTIZATION CONDITIONS

* Finite-volume calculations: no direct access to scattering quantities -0—O0—0—0=0-0 O—/s

* Real-valued energy eigenvalues

e Shifted from free energies => physical information

( )
* Relation to observables: Quantization condition M) = pcotd — % Y- ReJ
P y
Lattice QCD
continuum QFT
—1 _ _ .
* one-way of thinking: Me, = peotd (J & ReJ' - )
» on-shell states “feel” the box-size ~ (ML)" [ i
M=K - _
. off-shell configurations decay exponentially ~ e Mt [ (27)° 2E(s — 4Ef + ie)
= separated by S-Matrix unitarity —Re M

>< 00K

Vs <3

Nz

Lischer, Gottlieb, Rummukainen, Feng, Li, Doring, Briceno, MeiBBner, Rusetsky, Hansen, MM, Blanton, ... N : ]
Reviews: Briceno/Dudek/Young (2017) Rev.Mod.Phys. 90 (2018); Hansen/Sharpe Ann.Rev.Nucl.Part.Sci. 69 (2019); Review: MM/Doring/Rusetsky Eur.Phys.J.ST 230 (2021);
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3-HADRON SYSTEMS

Finite Volume Unitarity (FVU) approach

MM/Doring Eur.Phys.J.A 53 (2017) 12, 240

o 3- nitarit nts for all on-shell states = S ; é
3-body unitarity accounts =Ig= O B C

e genuine determinant condition
e 2+1 spectator momentum integration

Faddeev, Schmid/Ziegelmann (1974), ...

FVU Finite Volume
det | 2L°E, (K" =%")-B-C |2 =0

MM/Doéring |
~ EurPhys.J.A 53 (2017) 12, 240 |
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3-HADRON SYSTEMS

Finite Volume Unitarity (FVU) approach

MM/Doring Eur.Phys.J.A 53 (2017) 12, 240

¢ 3- itarit ts for all on-shell stat ‘o S ;é
3-body unitarity accounts for all on-shell states =Ig= C B C

e genuine determinant condition

e 2+1 spectator momentum integration

Faddeev, Schmid/Ziegelmann (1974), ...

FVU Finite Volume |
Alternatives: RFT, NREFT det | 2L°E, (K" =%")-B-C |2 =0

RFT(Hansen/Sharpe 2014) NREFT(Rusetsky/Hammer/Pang 2017) -

|
MM/Doring ]l
Eur.Phys.J.A 53 (2017) 12, 240 |

* physically equivalent, not equal
Jackura et al. Phys.Rev.D 100 (2019) 3, 034508, Garofalo et al. JHEP 02 (2023) 252

Many new applications

* proof of concepts and spin-less repulsive systems 1‘ IVU Infinite Volume Unitarity |
MM/Doring Phys.Rev.Lett. 122 (2019), Fischer et al. Eur.Phys.J.C 81 (2021), Blanton, Lopez, Hansen, Briceno, ... . 1
» systems with left-hand cut w B¢ (B+C) 1 |
Hansen et al. JHEP 06 (2024), Dawid et al. JHEP 01 (2025), Rusetsky, Guo, ...Talks Guo, Hanhart, ... | TC p— B _|_ C_|_ — TC j»‘
« 3-body resonant systems 2r)?  2E, K-1-X% "
MM/Culver Phys.Rev.Lett. 127 (2021) e

Yan et al. Phys.Rev.Lett. 133 (2024)
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W — AT

Lattice QCD (more details next talk)
« 2+1 Flavors, 2/3 particle operators
e 2 pion masses, 2 volumes

M, L}
210 32+t m =0 O
21048+ & & 1
30532 o 3 7y
30548} o © o

M, Lt
210 32t O

21048 ¢ - =
305 32t s

305 48+ o
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W — AT

Lattice QCD (more details next talk)
« 2+1 Flavors, 2/3 particle operators
e 2 pion masses, 2 volumes

M, Lt
210 32+ m 0w O
210 48| & o 0 K'—->l=0
30532 o o o
30548 o © o

explicitly known Parametrize and fit

M, L}
210 32+ mO=

210 48} —— —a det L3E z A=
305 32+ y
305 48} o
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) — AT
Lattice QCD (more details next talk)
N
» 2+1 Flavors, 2/3 particle operators C= c‘j)wz Feit ... K™ =68y ), a0
] S — Mg, i=0
¢ 2 pion masses, 2 volumes GENeric
- 6s(M; — o, + 68°fDM; — 0, + 68°f7) ol s % - M
64g273fS(s — M2) PR 0g2
M, LT EFT
21032+ o =0 O | .
21048+ O O o K '=>F=(
30532F & u s
30548 o © o
3 4 5 6 71
E7T7T/M7T
explicitly known Parametrize and fit
M, L}
210 32+ =
210 48} —— —a det L3E z A=
305 32+ y
30548} O
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a) ﬂﬂﬂ 0.00 Yan/MM+ PRL133 (2024) w
: e M,
_ _ M, = 305MeV Ry [ ]
Lattice QCD (more details next talk) »
» 2+1 Flavors, 2/3 particle operators Mr = 0
-0.01 -
e 2 pion masses, 2 volumes
S
=
~5-0.02-
S2
g
EFT?2
< EFT4
2];453[24- -0.03 - & QEN
- i L m O —-— PDC
210 48| & o 0 K'—->l=0
30532 =& 0 0 B¢ (B+C) 1
! 0.041 T“=B+ C+ TC
48p e 00 ,[(272)3 2E, R-1_»
3 4 5 6 7 5 1 : ;
E7T7Z'/M7T Re E3 /Mw
explicitly known Parametrize and fit
M, L}
210 32+ =
210 48} ——— = det[2L3E (R = 3H)-B C]AEO
305 32} 7 P
30548} o O

E /My ... similar program carried out for a;(1260)

MM/Culver+ PRL127 (2021)



Maxim Mai / AEC BERN 18

SUMMARY / OUTLOOK 500
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e pole and chiral trajectories
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S 0 MM/Culver+ PRL127 (2021)
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Outlook 003 GpN MpPYS. . '
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